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APPLICATION OF THE METHOD OF INFLUENCE FUNCTIONS IN PROBLEMS OF THE
THEORY OF CRACKS FOR ANISOTROPIC PLATES

V. N. Maksimenko UDC 539.3:629.7.015.4:624.07

Application of analytical methods to estimate the strength of composite materials with
cracks and fine inclusions is difficult due to the lack of information concerning the dis-
tribution of stresses in a neighborhood of cracktips and inclusions of complex configuration
in anisotropic materials. A discussion of this problem and a survey of papers in this di-
rection (mainly for rectilinear cracks and inclusions) can be found, for example, in {1-5].

In what follows, based on the method of influence functions, we present a solution of
fundamental problems of planar elasticity theory for anisotropic bodies weakened by curvi-
linear cuts. Integral representations are constructed, which make it possible to formulate
uniformly a solving system of singular integral equations (SIE) for the first, second, and
mixed problems of elasticity theory. The effectiveness of the integral representations con-
structed and of the algorithms presented for numerically solving the resulting SIE is demon-
strated by solving a number of problems of crack theory for anisotropic plates.

1. We consider an infinite rectilinear-anisotropic plate weakened by a system of smooth
curvilinear nonintersecting cuts Lj = (aj, bj), i =1, n (Fig. 1). We denote the angle be-

n
tween Ox and the normal n to the left edge of the cut of point t=L = {J L; by ¢(t). We deter-
i=t

mine the stress-deformation state (SDS) of such a plate caused by the action of an exterior
load Xj(t) + i¥Yn(t) (t € L) along the edges of the cuts and by specified stresses at in-
finity.

Let us assume that the edges of the cuts are not in contact® and the principal vector
of the external stresses acting on an edge of the cuts is known. We shall also assume we
are given the complex potentials &,,(z,), giving a solution of the problem, for a continuous
plate, of external stresses applied at infinity.

*In some problems it is necessary to impose a physical condition, excluding the possibility
of an overlapping of the edges of a cut. Such problems are nonlinear and must be solved
in an incremental setting, i.e., by stepwise changes of the loading on edges of the cuts.

Novosibirsk. Translated from Prikladnaya Mekhanika i Tekhnicheskaya Fizika, No. 3, pp.
128-137, May-June, 1993. Original article submitted June 16, 1992.
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To solve the stated problem for an arrangement of cracks L on curves, we specify certain
continuously distributed dislocations and concentrated stresses and we determine the stress
state caused by them in the region considered. We then select the Burgers components of the
dislocations Q(t) and the concentrated stresses P(¢) (or, equivalently, certain functions of
them) so that the stresses on the edges of L, due to the dislocations and concentrated
stresses, are equal to those specified.

At a point z = 1 of an infinite anisotropic plate let there be applied a concentrated
stress with vector P=X+iY or a concentrated dislocation with Burgers vector Q=U+iV [6].
We can write the Lekhnitskii potentials [7] stipulated by them, respectively, in the form

* 4, x B
D (z) = , @v*(zv)zz;—_—‘ir——, (1.1)
v v

Z,— 7T

where the complex constants A, B, are determined from conditions of equilibrium and unique-
ness of displacements:

(W2 (v, By — 1572 (Ay, By)) = (faar fa) (201) 7Y,

fu:(anX—}—ast)a;l, fi. =7, .f13=X1 (1.2)
f14=—(a16X—{~a26Y)a;,’, fa="V, Jae=1a3=0, f, =U.

il P

v=1

From the latter relations it follows, in particular, that

Apd) — BeA +A4:=10, aoB, — boB, + B:=0,
Ag =(P2g: —pu?z)ﬂ(_ﬁz(ﬁ — p2d2) ™", Bo=(pady — p1G2(P2q2 — pofa) ', (1.3)
@o = (1 — p2) (R2 — po) ™!, b= (1 — pa) (2 — pa) =,
Py = Ay + @i — ity Gy = ity + AUty — @y (v =1,2),
Here u, are roots of the characteristic equation; ajj are coefficients of deformation from

Hooke's law [7].

Assuming that P(¢), Q(¢) are functions of class H on L [8], we find, with the aid of rela-
tion (1.2), the A(t), B(t) corresponding to them; we multiply relation (1.1) by ds and inte-
grate along L. We obtain

it 4,(1)ds B (1) ds
O ()= [ 208 g,y = [ 208 (1.4)
y v v v v
Introducing the change of variables
o (1) = —27iA. () IM,(t), o (t)= —2aiB.(t)/M.(t),
dv, = M,(t)ds, M,(t)=n,cosq(t)+ sin p(t),
we rewrite relations (1.4), (1.3) in the form
_ '1 ”’v (T) dT\, - . 1 mv (T) dTV.
(Dvl(zv)-z—m-L‘;v_—zve ‘sz(ov)—mi‘%__zv’ (1.5)
A@)pr () + Bty (2)+ na(t)=0; (1.6)

411



M_(t) M) M0 7N

a(t)&)l(t)+b(t)ﬁ)l(t)+ﬁ)2(t)=0, A(t)=A031;Tj, B(t)-——‘-Bom, d(t):dom, b(t):boM o (1.7)

We may then represent the sought-for solutions of the problem formulated above as
. .
(D'v (Zv) = 2 (DVJ' (zv), (1.8)
=0

Substituting the limit values of the functions &,,(z,) from Eq. (1.8) into the boundary
conditions on L

a (t) D5 () +b () DF () + D5 (t,) = FE (), teL, (1.9)
FE@) = (X ) + 1Y ) (v, — 12) M, (1))

and subtracting the second equation from the first, we obtain

a(B)u () F () i (t)+ pa(t)=Fi(t), F (t)=F*(t)— F(t). (1.10)

Using the relations (1.6), (1.10), we readily establish that the functions p,(t) may
be expressed explicitly in terms of jumps in the stresses X(t) = XT(t) — X~(t), ¥(t) = Y¥(v) -
Y- (t) at the edges of the cuts.

Adding the two limit equations and subtracting the relation (1.7), we find, after some
simplifications, the basic SIE of the problem:

(2% [k 0,0+ Kua(t, 00, D) s = 110
L

TI—-H

T,— 1, | b —b () d;}
T, — ¢ b_(T)(%-?._‘;‘Z) e

Kﬂu@@=%hm

-1,

il

-+

E—(T_)—Tt) d_}

&Anﬂd“=%Lun2 ey O

1

ﬁ@=ﬁm—sWMLﬂMM+KmtﬂﬁmW&
L

ol

_[1

(1.11)

118 = 5= (Fa ) = 200 D30 &) + 500 Do (1) + Do 1

25 (1)
Fy(t) = FT(t) — F~ ().
Taking relations (1.5) into account and the relations (see [7])

2
@) = 2Ro{ 3 (o s 0]y Byle) = 50

we find that the jump in the displacements w(t) = [(u + iv)¥ — (u + iv)~] on Lj (j =1, n)
has the form

A=

w(t) = 21 {(Pv + igy) S oy (1) dt, + (l_7v + iav)j. (T)-V—(‘E_)d;v,. (1.12)

Using the relations (1.12), we readily ascertain the physical essence of the unknown
functions wv(t). Differentiating relation (1.12), we find that

g‘?’ = 2 {(pv + igy) My (1) 0y () + (pv + Ev) M. (2) E)—\Tt)} (1.13)
v=1

It thus follows from relations (1.7), (1.13) that the values of w,(t) are directly connected
with the derivatives of the jumps of the displacements on the edges of L.

From conditions of continuity of the displacements at the crack tips and relation (1.12)
we obtain
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{o,mdr,=0 (=T n). (1.14)
L
Equations (1.11) and (1.14) furnish a solution of the stated problem. For the particular
case of a self-balanced continuous loading [F,(t) =-u,(t) = 0] the results given in [1, 4],
obtained by another method, follow from relations (1.5), (1.11), (1.14).

Since the number of conditions, which the unknown functions w;(t) must satisfy, coincides
with the number of SIE over corresponding contours of L, the solution of system (1.11), (1.14)
must then be sought in the class of functions unbounded at the ends of the cuts [8].

If the cuts are specified along a straight line, the solution of the problem, according
to [8)}, can then be obtained in closed form. For example, for a plate with the crack L =
{a<z<B; y=0} along an interval of the real axis loaded by means of stresses 0$,T2”0y Ty
over edges of the cut and at infinity, the integral equation (1.11) takes the form

1 m(T)dT_H(t)—I— hT(-i)—dt'r’
L

i T— 1
L

H () = (w4 tay) 4+ 1o (03 + 07) + 2 (75 + 1m0y )2 (0, — )} 77
Rty = {(78 — 1) + pa (6 — 07 {20, — 1))

and its general solution

T—

1
o, (1) = h (1) + mxi(l) j e lr+\
L

where C is an unknown constant.

After some transformations, we find

-+ — ! 4 _—

fDX(z):———l___ _._Lj‘u?(o—y _OTJ)T(Txy“Txy)dT_

V2~ 2w Tz,
L

1 S‘ (T)[ ( _ u) (Txy x!/)] dT";"(P—lQG;} +T;})[1_2z1——(a—{—5)] C

+X(zl)]’ (1.15)

T 2miX (z) ) Tz, 2X (z))
D2 = ot L (2 T ) fx(”[” (of +op)+ (4 )]
2y =) |2 7 T—1% X (25) T

o | o 22, —(a+B) | (p,—k,y)C—(n,—n,)C
_ : o { — _— 1 _ 1 2
(H;,UJ +1 y)[ 2X (z,) ] (}12-—H2)X(22)

To determine C, we find, from conditions for uniqueness of displacements, the equation

=X+ wY)[Ap, + i, +B) + B(p, — ig, — 4)] —
— (X + )[4 (p, + igs — 4) + B(p: — ig, + B)]} 2ni (| A — | B},
A= {(p, + ig) (g — 1) — (py + ige) (1, — 113) +
+ (P2 + ig2) (1 — 1)} [2 (0 — )] 7, (1.16)
B = ((py + 1g1) (1 — t2) — (P2t i) (1 — 112) + (P + iga) (l— 1)} [2 (1 — )],

X.+iyg=S(rQ-T$)dT4—ii(s{——cj)dt
L

Restricting the discussion to the case of an orthotropic material with u, = i, (v =1,
2) and a crack L = {|x| < a; y = 0}, loaded along the upper edge of the interval b < x < ¢
(—a ¢ b < c < a) by a constant pressure and by tangential stresses ¢ and T, we obtain from
relations (1.15), (1.16) the stress intensity coefficients (SIC) of separation and shear at

the crack tips:
. o a
Ki(xa)=5 :‘—{il/ l/i— +arc51n—-—

. b] [ 1 % }
—aresin 3y 4+ S = B Ry [Tnﬁ‘ﬁ““ 1] ’
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2. We now consider the problem formulated above when on the cuts L there are specified
the displacements '

W+ iyF =6 ) =¢t @) + igf (1), t= L. (2.1)

We shall assume that the principal vector of external stresses, acting on edges of the
cuts Lj, is known: Xj + iYj, and the functions G* t(t) satisfy, at the tips aj, bj of cut Lj,
the continuity condition

G*(a;)=G"(a), G*(b))=G"(by). (2.2)
To the boundary conditions (2.1) we can attach the form
= (7 5.5 (G i) o)
WEW) =P g — 2 | (P — paga) Mo (01 (2.3)

Substituting &,(z,) from Eq. (1.8) into Eq. (2.3), and subtracting the second equation
from the first, we obtain

AW o () +F B o )+ o ()= TV (1), Wi(t)=W*(t)— W-(t). (2.4)

From relations (1.7), (2.4) we determine w,(t) and, proceeding, we assume that they and
the potentials ¢,,(z,) from relations (1.5) are known.

Adding the limit equations (2.3) and taking relation (1.6) into account, we find, simi-
larly, the basic SIE of the problem:

J‘% (0 dr, < f (Ko (2. 7) 1, (1) 4 Kog (8, 1) (0] ds = F2(2),
L

T
1

md@ﬂs-mwdiz_?+ﬂ£@TBq)%%
1

B (7, — 1)

1 [ -4, Am—4Q@ ;7
t, = -+ =
Koy (2, 1) ds 3 ldlnr =, F (5,7 )dTg},

) =t, ) — ({Km(t )0, (1) + Koy (¢, 7) 0y (0} ds, (2.5)

hi)= 5 2 {W () — 2 [A(®) Dy, () +BODP, (1) + Doy (1)1,

dr, b (v dt,
T
T B(1)(r,—1,)

W) =Wt () — W™ ().

From relations (1.9), (2.2) it follows that the sought-for function must be subjected
to the additional condition

g o @)dr, =4; (G=T.7)

Ay = (e ) Gt ] o+ (s — 1Y) [0y — ) = (0, 1) Bu]
’ [(ry = 1) — (1 — ) 45 P+ [ (g —1,)— (e — 1) B,

Assume that on the cuts Lj (j = 1, k; k < n) the boundary conditions (1.9) are specified,
and that on the cuts Lg4;,...,L, the conditions (2.3) are specified. In this case the sought-

(2.6)

for solutions have the form (1.8). For determining the unknowns w,(t) for te=l = U L; and
. j=1
uy(t) for teL, = G L; we obtain the system of SIE
j=kt1
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o (1) dt J—
S‘ -+ S‘ {Ky (6, 7) o, (0) + Kt D)o, (M ds +
Jor =t

e = L (2.7)
[ K ()0, () - Ko (0 1 00) ds = 177 (), t = L
L

2

jp_—lc%'%‘j\ (Ko (8, D)0y (0) + Kop (8, 1y (0] 05 -+
Lot 2 (2.8)

+Vnﬂﬂ%U+Kmmmmﬂﬁ=ﬁmJE%

A O =10 = Kyt 9 (1) + Koy (6,1 1 () ds —
L

_f{ih) +KHUTmAﬂ+RPUﬂm()&,

2

3 P— —— : dT,,
B0 = f ) — | K (6, D) 0, (1) £ Kyg (60 0y (7)) ds — J {wﬂu Ky (6 1) i (1) + Kop (£, ) 1y (r)} ds, Ty = d—z
L, sl h

It is necessary to supplement Egs. (2.7), (2.8) with the conditions (1.14) for j = 1, k and
with condition (2.6) for j = k + 1, n.

We may solve, in a similar way, with the aid of the potentials (1.8), the problem arising
when displacements are specified on one edge of the cuts of L and stresses are specified on
the other edge.

The integral representations (1.5} constitute a general solution, and with their aid we
can study very diverse boundary value problems for domains with cuts and linear inclusions.
In particular, upon satisfying, with the aid of the representations (1.5) and formulas (1.9)
and (2.3), the boundary conditions for an anisotropic plate with cuts, in which on one edge of
a cut stresses are specified while on the other edge displacements are specified, we obtain SIE
on the second kind. Upon using the conditions for non-ideal contact of elastic bodies, in
which stresses and displacements of the edges of the cut are connected by linear relationships
(see [3, 4, 9]), we can obtain singular integrodifferential equations of Prandtl type for
bodies with thin-walled elastic inclusions. The integral representations obtained can also be
applied in the solution of various mixed (contact) problems for bodies with cuts, problems
involving strips of plasticity modeled by means of jumps in displacements [9].

3. The SIE (1.11), (2.5), (2.7), and (2.8) belong to the type of equations studied in
detail in the literature {8]. 1In the class of functions unbounded close to the endpoints
aj, bj (in the class H;) the index of the SIE is equal to %=1 (see [8]); these equations
are always solvable and their solution on each arc Lj contains a single arbitrary constant,
appearing linearly. With fulfillment of conditions (1.14), (2.6) the solution of the given
equations is unique.

Thus the solution, for example, of Egs. (1.11), (1.14) can be represented in the form

QF (0
oy (2 =
=)

where Q?(t} is a function of class H on Lj in a neighborhood of end-points of a cut;

tel; (j=1n)

J(t — ay(e - b') is an arbitrarily defined branch, varying continuously on Lj.

Let the equations of arcs Lj be described by the relations t = ti(n), aj = wd(-1), by =
t3(1) (n is a dimensionless real parameter). We assume functions tJ(n) to be continuously
differentiable on [—1, 1]. After a change of variables, Eq. (1.11) can be written in the
form of a system of SIE:

f Ll :’:ffgm s Izl j (27 & ) xp () + B B, ) o G b = 5 B, (3.1)

‘%m=wh%ﬂ~m®mm@u gy,
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(6p is the Kronecker symbol). We write conditions (1.14) as
1
Yoy dman=0 (;=17). (3.2)
-1

With the aid of the Gauss —Chebyshev formulas we reduce the solution of Egs. (3.1), (3.2)
to the solution of a system of linear algebraic equations with respect to approximate values
of the e sought-for functions XJ(B) (j = T, n) at the Chebyshev nodes B; = cos (21 — 1)n/(2M))
(i = 1, N). Theoretical estimates of the convergence of this numerical method are given, for
example, in [10].

Knowing (B ) and X3 $(%1), we obtain, based on relations (1.5), (1.6), and (2.4), asymp-
totic formulas for stresses in the neighborhoods of ¢ = tJ(t1), the endpoints of the cut L4
(in what follows we omit the subscript j):

ds
=+ dﬂ

1/2 2
n= t1> Z (“w fy, 1 )Cv(ﬁ) )
Co(0)=Q,[M,(c) (cos ¥+ p,sinT) "1 V2 z —c=re™®,
Q=x"(FO)+¢(F1), Y =wlt(m) (1 —n?)"
92=—a(C)%°($1)—b(C)XQ(;i)—A(GWO(:’:i)—B(C)‘PO($1),

lim v/i;(ﬁx,Tky,U1) Re{(

we also obtain values of the SIC of separation and shear, namely, K,, K, [4].

The SIE, obtained above, for basic problems of elasticity theory for systems of smooth
curvilinear cuts can be also used for handling piecewise-smooth curvilinear cuts (broken-line
cuts and branching cuts). Here a cut is split up into smooth portions having common points
of intersection; also, application is made of a well-recommended simplified procedure for
numerically solving the SIE (3.1) and (3.2) that arise, with fixed singularities [9], making
it possible to bypass a study of the nature of the behavior of the sought-for functions in
neighborhoods of corner points.
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TABLE 1

N
A 1 3 4 3 3 4 5
& (+ a) s(+ b
041 0,27 0,45 0,10 0,27 047 0,10
1 05 0,05 0.0 0,05 0,02 0
1.0 0,02 0 0 0,01 0 0
0,4 0.06 0,04 0,03 8’3}% 0,5}5 0,02
04 0.5 0 0 ,
’ 1.0 0 0 0 0 0 0
0.4 0,03 0,02 0,01 0.(%1 0,(())5 0,(())2
05 0 0 0
0.05 113 0 0 0 0 0

The representations (1.5) and (1.8), and the algorithms for numerically solving the
pertinent SIE, have proved to be an effective instrument for determining the SDS in a neigh-
borhood of endpoints of cuts of complex form in anisotropic and isotropic plates. By way of
illustration, we present below the results of a numerical solution of a series of model prob-
lems of fracture mechanics.

In Fig. 2, for plates of an orthotropic material (Ey = E, = 53.84 GPa, E, = E, = 17.95
GPa, G,, = 8.63 GPa, Vyx = vy = 0.25), we present correction functions for the SIC for sepa-
ration and shear, k; , = K, ,/(0V7¢%) (descending and ascending curves, 2¢% is the crack
length) at the upper endpoint of a crack L, situated on an arc of an ellipse [a, = a, b, =
(acos$® + ibsin$g), crack tip], as functions of a parameter § for various ratios of ellipse
semi-axes, A = a/b, for the loading 0; =g, og = T; = 0. The horizontal curves k, = 1,
k, = 0 correspond to the value K, , at the ends of a rectilinear crack (A = 0). The calcu-
lations testify to the good convergence of the algorithm for weakly and strongly anisotropic
materials (1< E|/E;<25): already for N =5 we have agreement in the first three significant
figures.

We consider a symmetric system of three cracks L; = {[x]| < a; y = 0}, Ly, = {b < Jx| <
¢; y = 0}, loaded by a constant pressure (Fig. 3), and we limit the discussion to the case of
an orthotropic material with p, = iB, (By > 0) for (c — b) < 2a (the end cracks are not larger
than the central crack). From relations (1.8), (1.11), and (1.14) we find that (A = 3 — v)

1,0 z% +Cz, —R (%)

(Dv (zv) = }Lv — P‘L 2R (zv) 1

’ e b -
2 dz T dz
C T e 1
J VE-d) @ =) (=) {S VE—A G ) (@ — )

a

R(z)=7V(2? —a®) (22 — %) (22 — ¢?), R(z)~> 2% z— oo

The integrals in C can be put in the form of complete elliptic integrals. The stress dis-
tribution oy on the x axis coincides with the distribution for an isotropic body, and the SIC
for separation at the tips x = %a, y = *b of the cracks L,, Ly, s assume the form

K% (4= a) = o V 7@ (c® — a?)/2 (b2 — c&)"V2 E (k)/K* (k),
Ky (< b) = 0 V'ab (b* — a?)V? (2 — b3)"V?{(2—a?) E(R)|(b*—a®)K* (k) " —1l,

where K*(k) and E(k) are complete elliptic integrals of the first and éecond kinds with
modulus k = {c? - bz)ljz(c2 - az)“lfz [11].

A comparison of the calculated values of K,(*a), K,(#b) with the exact values of Kj is
shown in Fig. 3 and in Table 1. As a measure of the error of the numerical solution we take
the relative error £ = |K, — K}|(K$)"! at the crack tips a and b (continuous and dashed
curves) as a function of the relative size of the cross section § = (b — a)/a for a distinct
number N of subdivision nodes and crack-size ratios &4 = (¢ — b)(2a)™! = 1; 0.1; 0.5 (Fig. 3a,
3b, and 3c, respectively). The calculations show that for a cross-connection between tips of
the cracks L; and L, 4, (8§ > 0.2), that is not too small and with & < 1, satisfactory accuracy
is already attained when N>3. As A decreases and § increases convergence gets better.
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Fig. 4

In Fig. 4 we present the results of calculations for the SIC of separation and shear,
Ky (continuous and dashed curves) at the tips of a three-link broken-line crack, consisting
of 'two curvilinear cuts (along arcs of a hyperbola with identical axes of magnitude a) start-
ing from the endpoints of rectilinear cut A = {z =gane""¥{|n| <1} as a function of parameter
o, characterizing the size of the defect. The data are shown for an isotropic (E,/E, - 1,
curve 1) and for an orthotropic material (boroplastic: E, = 276.1 GPa, E, = 27.61 GPa, G,, =
10.35 GPa, v, = 0.25) for angle values ©= 0; w/4; 7/2; 3n/4 (curves 2-5) formed by the prin-
cipal direction of anisotropy E; with the x axis. Calculations for strong (E,/E, = 10) and
weak (E,/E, + 1) anisotropic material show that already for N=10 (N is the number of Cheby-
shev nodes at smooth links) coincidence of K, to the first three significant figures is ob-
served.

LITERATURE CITED

1. L. A. Fil'shtinskii, "Elastic equilibrium of a planar anisotropic medium weakened by
arbitrary curvilinear cracks," Izv. Akad. Nauk SSSR, Mekh. Tverd. Tela, No. 5 (1976).

2. G. G. Sih and E. P. Chen, Mechanics of Fracture, Vol. 6: Cracks in Composite Materials,
M. Nijhoff Publ., Hague (1981).

3. L. T.Berezhintskii, V. V. Panasyuk, and N. G. Stashchuk, Interaction of Rigid Linear In-
clusions and Cracks in a Deforming Body [in Russian], Naukova Dumka, Kiev (1983).

4., V. N. Maksimenko, "Calculation of anisotropic plates, weakened by cracks and supported by
stiff ribs, with the aid of singular integral equations,'" in: Numerical Methods for
Solution of Problems of Elasticity Theory and Plasticity [in Russian], Seventh All-Union
Symposium, ITPM, Novosibirsk (1982).

5. D. Ya. Bardzokas, V. Z. Parton, and P. S. Teokaris, "A planar problem of elasticity
theory for an orthotropic domain with defects,"" Dokl. Akad. Nauk SSSR, 309, No. 5 (1989).

6. T. Ekobori, Fundamentals of Strength and Fracture of Materials [in Russian], Naukova

Dumka, Kiev (1978).

S. G. Lekhnitskii, Anisotropic Plates [in Russian], GITTL, Moscow (1957).

F. D. Gakhov, Boundary-Value Problems, Addison-Wesley, Reading, MA (1966).

9. M. P. Savruk, P. M. Osiv, and I. V. Prokopchuk, Numerical Analysis in Planar Problems
of the Theory of Cracks [in Russian], Naukova Dumka, Kiev (1989).

10. S. M. Belotserkovskii and I. K. Lifanov, Numerical Methods in Singular Integral Equations
[in Russian], Nauka, Moscow (1985).

11. I. S. Gradshtein and I. M. Ryzhik, Tables of Integrals, Sums, Series, and Products,
Academic Press, New York (1965).

0o ~i

418



